Dynamics of a liquid drop falling through a quiescent medium of another liquid is investigated in external uniform electric field. The electrohydrodynamics of a drop is governed by inherent deformability of the drop (defined by capillary number), the electric field strength (defined by Masson number) and the surface charge convection (quantified by electric Reynolds number). Surface charge convection generates nonlinearilty in a electrohydrodynamics problem by coupling the electric field and flow field. In Stokes limit, most existing theoretical models either considered weak charge convection or weak electric field to solve the problem. In the present work, gravitational settling of the drop is investigated analytically and numerically in Stokes limit considering significant electric field strength and surface charge convection. Drop deformation accurate upto higher order is calculated analytically in small deformation regime. Our theoretical results show excellent agreement with the numerical and shows improvement over previous theoretical models. For drops falling with moderate Reynolds number, the effect of Masson number on transient drop dynamics is studied for (i) perfect dielectric drop in perfect dielectric medium (ii) leaky dielectric drop in the leaky dielectric medium. For the latter case transient deformation and velocity obtained for significant charge convection is compared with that of absence in charge convection which is the novelty of our study. The present study suggests that for both the regimes, surface charge convection tends to increase or decrease the settling speed depending upon the ratios of electrical properties. Notably, in the inertial regime, deformation and velocity are seen to be altered prominently in the existence of significant charge convection.
Introduction
The dynamics of a drop moving through a continuous phase is extensively investigated owing to its inherent industrial applicability, which includes de-emulsification, drug delivery, ink-jet printing etc. (Anna 2016; Ghasemi et al. 2018; Mhatre et al. 2015; Teh et al. 2008) The most common application of gravity-induced motion of drop is oil-water phase separation process in oil industries (Berg et al. 2010; Eow et al. 2007; Mhatre et al. 2015) . Due to the presence of tiny drops and low-density difference between oil and water, gravitational settling takes a long time. The separation efficiency can be enhanced by increasing the size of the drop thereby enabling it to traverse faster (Berg et al. 2010; Mhatre et al. 2015) . The former can be achieved by electrocoalescence (Berg et al. 2010; Eow et al. 2001 Eow et al. , 2007 of drops, while the drop settling speed can be increased significantly by applying external electric field (Mhatre et al. 2015) .The need to understand the aforementioned phenomena is the motivation of the present work.
Application of electric field on a drop suspended in a continuous phase leads to some fascinating fluid dynmaics due to its ability to deform. After the pioneering work by Taylor (Taylor 1966) , electrohydrodynamics (EHD) of drop got attention of many researchers. Taylor in his classical theory explained that no matter how small is the electrical conductivity, there will be accumulation of charges at the fluid-fluid interface. These surface charges along with the difference in electrical permittivity generates net normal and tangential components of electrical Maxwell stresses, which distorts the drop into either a prolate or oblate spheroid, depending on the ratios of electrical conductivity and permittivity. Following Taylor's theory, the EHD of drop and the influence of interfacial stresses have been studied extensively (Ajayi 1978; Lac & Homsy 2007; Melcher & Taylor 1969; Torza et al. 1971; Vizika & Saville 1992) .The major limitations of the aforementioned theories are their negligence of charge convection. Later on taking charge convection into account, several studies (Das & Saintillan 2017; Feng 1999; Lanauze et al. 2015) have shown that prolate drops elongate more whereas oblate drops deform less in the presence of surface charge convection. It is to be noted that, most of the aforementioned studies have considered neutrally buoyant drops. For a translating drop, the deformation and speed of the drop were theoretically predicted by Spertell and Saville, wherein they have considered small drop deformation (Spertell & Saville 1974) . In the limit of small deformation and small charge convection, Xu and Homsy (2006) presented corrected velocity and deformation for a settling drop through double asymptotic expansion analysis. While the drop is stationary, surface charge convection modifies the tangential electric stress, but the symmetric distribution is unaffected (Feng 1999) . Hence drag on the drop is zero. However in case of settling drop, the asymmetric surface velocity breaks the symmetry in surface charge distribution and tangential electric stress (Bandopadhyay et al. 2016; Mandal et al. 2016b; Xu & Homsy 2006) , hence affects the settling velocity. Although the theory proposed by Xu and Homsy (2006) shows qualitative agreement with their experimental results, it is to be noted that, their results lack a quantitative agreement. Furthermore, Yariv and Almong (Yariv & Almog 2016) for a weak electric field regime, have presented a theoretical model, depicting a nonmonotonic behavior of the settling velocity, by extending the charge convection to a finite value. However in the limit of significant charge convection and electric field strength, the dynamics of drop settling is still unexplored.
Most of the theories discussed above explain the EHD of drop in Stokes flow regime (negligible inertial force compared to viscous force), where the drop remains spherical while moving through fluid medium. Taylor and Acrhivos (Taylor & Acrivos 1964 ) through singular perturbation analysis for low Reynolds number ( Re , describes the relative strength of inertia force to viscous force) have presented that drops deform into oblate shape for the case of gravitational settling. In electric field, combined action of Maxwell stress and inertial stress can greatly influence the transient behavior of drop. Though in recent years the effect of electric field on bubble and drop dynamics has been studied by various researchers (Bararnia & Ganji 2013; Ghasemi et al. 2018; Wang et al. 2017; Yang et al. 2014) in inertia regime, the effect of charge convection is not mentioned.
In the present study, dynamics of gravity-driven drop subjected to uniform electric field has been investigated, for the case of Stokes regime ( Re 0  ) and inertia regime (finite Re). For Stokes regime, the coupled EHD problem is solved theoretically, employing asymptotic analysis by considering small drop deformation in the presence of comparable electric field strength. Both drop and continuous phases are assumed to be poorly conducting (leaky dielectric) and the strength of charge convection is varied from a relative small to a finite value. A comparison between our analytical and numerical results has been demonstrated. For inertia dominated regime, transient drop dynamics is discussed based on our numerical results, considering two different drop-medium systems (i) perfect dielectric drop in perfect dielectric medium (ii) leaky dielectric drop in a leaky dielectric medium. For the second system, surface charge convection modulated transient deformation and settling velocity is presented considering significant strength of electric field.
Problem formulation
We consider a Newtonian drop of radius , a suspended in another Newtonian medium (refer to figure 1 for schematic representation). Fluid properties such as density, viscosity, electrical permittivity, and electrical conductivity are denoted by , , ,     . To distinguish drop phase and continuous phase, subscript ' ' and ' ' ie are used respectively. The difference in density assists the drop to settle under gravitational acceleration ( g z e ) with a constant velocity where Re is the hydrodynamic Reynolds number, Ca is the capillary number.
R , S ,  are the conductivity ratio, permittivity ratio, and viscosity ratio respectively.
Governing equations and boundary conditions
An EHD problem is governed by both the equations governing fluid flow and Maxwell's equations; coupled through a set of stress boundary conditions and charge conservation equation, which is to be discussed in the present section. As per leaky dielectric model, the electric potential ( ) inside and outside the drop satisfy the Laplace's equation (Bandopadhyay et al. 2016 
The electric potential inside the drop must be bounded when 0 r  and the electric potential outside the drop approaches the externally applied electric potential at far field i.e.
Electric potential across the drop interface is continuous (Das & Saintillan 2017) which means
where
represents the deformed drop surface. Jump in electrical properties   , RS across interface produces Ohmic conduction, which is balanced by charge convection at the drop interface. The steady state, charge conservation equation in dimensionless form is written as (Mandal et al. 2017) ,, 
where r uu   r θ u e e is the velocity field and p is the pressure. Inside the drop, the velocity field is bounded and at far from the drop the flow is uniform (Kim et al. 2007; Mandal et al. 2016a) i.e. 
To get stable deformation, the forces acting due to viscous stress, electric stress and interfacial tension at the interface must be in equilibrium (Bandopadhyay et al. 2016; Mandal et al. 2017) i.e.
Where H  is hydrodynamic stress tensor and E  is electric stress tensor (Kim et al. 2007 ).
Small-deformation perturbation analysis
A closer look into (6) Ca Ca
where '0' and '' Ca are used in the superscript to identify the leading-order and   O Ca contributions throughout our analytical study. In a similar way settling speed ( S U ) and shape of drop ( s r ) are expanded as (Mandal et al. 2016a )
Here ( 
Here () n P  is the Legendre polynomial of order n and
Solution procedure
In this section, we discuss the analytical procedure that we have implemented to achieve the final solution. As the electric potential inside and outside of the drop satisfies the Laplace equation, the general expression for i  and e  are
Using boundary condition (3) and (4) 
Here
is the Gegenbauer polynomial of degree n . Expanding the field variables using (15) and substituting the same into the equations provided in section 2.1, we obtain and () O Ca governing equations and different boundary conditions. Along with these equations one need to consider force balance on the drop to get closed system of equations, which can be shown by 0, (28) and (29) suggest that for nonzero E Re , both the electric field and velocity field contains infinite number of nonzero spherical harmonics. Solving for large number of spherical harmonics is not an easy task. To make progress, we have followed the small-deformation theory developed by Das and Saintillan (2017) . We have considered only first 5 terms in series of harmonics for leading-order solutions and 10 spherical harmonics for   O Ca . The choice of the number of terms is such that, by increasing the number of harmonics the drop velocity is almost unaffected ( please refer to appendix-A). However the higher order harmonics get stronger with increasing E Re , which constraints the present theory for systems having low and moderate electric Reynolds number (Das & Saintillan 2017) . Along with velocity charge convection also affects the shape deformation of the drop (Feng 1999; Xu & Homsy 2006) . The shape deformation of the drop is characterized by the deformation parameter ( D ) which is calculated by
where l and l  are the length of the drop parallel and perpendicular to electric field respectively. 0 D  , indicates prolate deformation whereas oblate deformation is defined by 0 D  . As mentioned previously we calculate deformation up to higher order, given as
Numerical simulation
The theoritical model presented above is able to predict the shape deformation and drop speed only when the deformation is samll and the flow is in the limit of vanishingly small Reynolds number. However to explore the regime of finite drop deformation and finite fluid inertia, we perform numerical analysis. We use an open source fluid flow solver, Gerris developed by Popinet (Popinet 2003 (Popinet , 2009 to simulate the present problem. Assuming incompressible flow, Navier-Stokes equation is solved using finite volume method along with VOF (volume of fluid) method to track the interface accurately. Dynamic adaptive grid refinement is incorporated in Gerris, which allows us to use very small grid size near the interface and relatively larger grid size far from it, hence optimizes the computational time. Besides the flow problem, it is also very useful to solve EHD problems (López-Herrera et al. 2011 ). The non-dimensionalized form of continuity and momentum conservation equation used are as follows
In the above equation 
Results and discussion

Stokes regime
In the present section combined influence of viscous force and electric force on drop dynamics is studied. To show the practical significance of our theory, the experimental data from Xu and
Homsy (2006) 
, is Taylor's discriminating parameter.
Effect of capillary number
In this section, we study the effect of capillary number   Ca , which signifies the relative strength of viscous force to surface tension force on drop deformation and resulting settling speed. Surface charge convection (defined by Almost linear increase in drop deformation is observed with increase in Ca . On increasing Ca , the drop deformability becomes more, hence allowing the electric stress to distort the drop into Results obtained by present theory agrees well with the numerical results, however, fails to show any substantial improvement over the asymptotic theory. The reason behind this insignificant deviation is that, the prolate drop is weakly affected by charge convection, as reported previously by Das and Saintillan (2017) . The deformation predicted by their nonlinear theory only able to show modest improvement over Taylor's asymptotic theory. When the drop is spherical ( 0 Ca  ), the value of settling speed is seen to be slightly below 1 which is a consequence of surface charge convection, that is to be discussed in section 6.1.2.
Effect of nonlinear charge convection
Now we focus our attention on the surface charge convection (strength of which is defined by ). However, as the charges at the interface reallocated by charge convection, the tangential electric stress distributed along the interface is asymmetric about the equator. To balance the asymmetric tangential electric stress, flow pattern near the interface is modified to produce asymmetric hydrodynamic tangential stress. From figure 6(c) it is evident that, by increasing increases monotonically, when surface charge convection is taken into account. As already discussed in section 6.1.1, the velocity predicted by asymptotic theory shows poor prediction for settling speed even for small E Re . The drop deformation is considered to be negligible ( 0.05 Ca  ); consequently, the asymptotic theory matches well with the present nonlinear theory. The nonlinearity associated with the variation in settling speed is well captured by present theory; however, deviates slightly from the numerical for comparatively strong charge convection. The imprecision is attributed to the fact that in leading-order, only 5 number of spherical harmonics are considered from an infinite series, as already discussed in section 3. For the above case leading-order charge distribution is plotted along drop interface in the figure 7(b) for different E Re . From the same figure, it is noticed that asymmetry generated by charge convection is more intense for 0   . As a consequence, at both the poles ( 
Inertial regime
Now we discuss the combined effect of gravitational settling and uniform electric field on a suspended drop in a flow regime where inertia force is relatively larger than viscous force i.e. case of finite Re. Drops moving through a quiescent medium with appreciable inertia generally deforms into an oblate shape reported by several researchers. To show the practical relevance of the present numerical study, we adopt the physical properties from the experiment conducted by Hu and Kintner (Hu & Kintner 1955) . For a tetrachloroethylene drop falling through water medium, the density ratio ( r  ) and viscosity ratio (  ) obtained are ~1.6192 and ~1.0 respectively. To illustrate the effect of electric field strength (defined by M ) on drop deformation and velocity alternation, we have considered two drop-suspending media systems: is considered. It is assumed that the deformation in this regime is axisymmetric around zaxis and settling path is linear (Tripathi et al. 2015a) . For a LD-LD system, moderately strong surface charge convection is considered to study its effect on drop dynamics.
Perfect dielectric drop in a perfect dielectric medium
In figure 8(a) 
For a difference in permittivity (value of S other than 1), a neutrally buoyant PD drop always elongates in the direction of the applied electric field (Sherwood 1988 ). However, a settling drop can attain either a steady state prolate or oblate shape in finite inertial regime depending upon the electric field strength. While inertia stress promotes oblate deformation, electric stress tries to elongate the drop. Therefore the steady-state shape of the drop is determined by the relative strength of electric stress and inertia stress i.e.
Re M . With the increase in M , electric stress gets stronger against inertia stress, which is reflected in a gradual decline in oblate deformation; more spherical drop shape is obtained. . In the absence of an electric field ( 0 M  ), drop falling under gravity deforms into oblate shape monotonically with time. Similarly, a monotonic prolate deformation occurs owing to the sole effect of electric field, however presence of both brings about the non-monotonic transient behavior in deformation that can be seen in figure 8(c) monotonically relaxes to a a steady-state value. For 3 M  and 6 M  the strength electric stress is not enough to balance the inertial stress, therefore the drop finally remained to be in oblate shape. As increasing M decreases the cross-sectional area, the drop speed rises as represented in figure 8(d) . It has been observed that by applying an electric field, a significant rise in drop , surface charge convection reduces the drag owing to asymmetric tangential electric stress distribution (discussed in section 6.1.2). Along with that drop deformation is quite less as that of negligible charge convection (figure 10a). The combination of above-mentioned effects, results in higher settling speed as seen in figure 10(d) . An increase in Masson number intensifies the effect of charge convection, further improves the drop speed.
Conclusions
In the present work, EHD of settling drop is investigated under the action of uniform DC electric field applied parallel to the direction of gravitational field for Stokes regime and inertial regime. For Stokes regime, the EHD problem is solved analytically and numerically. Including the effect of significant electric field strength and surface charge convection, considering a leaky dielectric drop suspended in a leaky dielectric medium, we have performed asymptotic analysis in the limit of small capillary number   , drop deforms into prolate shape and hence moves faster. In Stokes limit ( Re 0  ), deformation and settling speed predicted by our theory agrees well with the present numerical results, shows noticeable improvement over asymptotic theory of Xu and Homsy (2006 with the number of spherical harmonics ( n ). The settling speed although oscillates with n , for 4 n  the deviation is negligible. To estimate the asymmetric deformation accurately and for ease of calculation, we have considered five spherical harmonics.
